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Abstract
In this paper we study connections
between flows and left congruences
on the universal
flow. It is shown that in the case of minimal flows such congruences
admit a factorization
in
which the factors correspond
to distal and proximal properties
of the flow.
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0. Introduction
In this paper we consider flows, primarily minimal flows, of the form (T, X),
where T is a topological
group or semigroup
which acts continuously
on the
compact Hausdorff
space X. Our primary concern is to advance the algebraic
theory of such flows. In the field of topological
dynamics,
this approach
was
pioneered
through the work of Ellis, who introduced
the enveloping
(or Ellis)
semigroup of a flow and also the isotropy group F(X, x) in the minimal ideal of
the Stone-Tech
compactification
semigroup
of the discrete
T. Both of these
concepts have proven extremely fruitful for a number of considerations
in the field
of topological dynamics. In particular,
the group 29(X, x> is important in establishing certain structure
theorems of minimal flows related to towered constructions
(see e.g. [1,4,5]).
Our purpose in this paper is to extend the machinery
related to 27(X, x) by
introducing
an additional
“complementary”
notion, the strong proximality relation
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@, and showing
factorization

that these

property.

two concepts

This

factorization

suffice

to determine

is useful

in isolating

minimal

flows via a

the proximal

and

distal properties of minimal flows and analyzing them in terms of these component
parts. The factorization
arises by taking a closed left congruence
on the universal
minimal

flow that is naturally

this left congruence
relations,

associated

as a product

closely related

to g(X)

with a given minimal

of two naturally

arising

flow and factoring
smaller

equivalence

x) and @ respectively.

1.Flows
We recall certain ideas and basic results concerning
flows and semigroups
(see
[1,2,4,5,8]). Let S be a semigroup equipped with a Hausdorff topology. For s, t E S
with product st we write
p,(s)

=st =h,(t);

the functions pt and A, on S are called right and left translations respectively. The
semigroup S is said to be right topological and the multiplication
is said to be right
continuous if all right translations
are continuous.
The semigroup is topological if
the multiplication
function m : S x S + S is continuous.
Let S be a topological semigroup. An S-flow, or alternately
S-system, is a triple
(S, X, r> such that X is a compact Hausdorff
space, called the phase space, and
rr: S XX +X is an action of S on X which is continuous.
We denote Z-(s, x) by
sx; to say that 7r is an action means that (st)x = s(tx) for all s, t E S and x EX. If
S has an identity, we further require that the identity acts as the identity mapping
on X. When S is understood,
we denote the flow by X. For each s E S, let +
denote the continuous
mapping x H sx: X -+X.
A homomorphism from an S-flow X to an S-flow Y is a continuous
function
4: X+ Y which is equivariant,
i.e., which satisfies +(sx) = s+(x) for all s ES,
x EX. If additionally
C#Jis a homeomorphism
from X onto Y, then it is called an
isomorphism of S-systems. If the homomorphism
4 : X + Y is surjective, then Y is
called a factor of X and X is called an extension of Y.
Let X denote an S-flow. For x E X, we define the orbit of x to be the set
Sx = {sx: s E S} and the orbit closure T(x) to be the topological closure of Sx. We
call the flow point transitive if there exists an x E X such that {x} U T(x) is all of
X and minimal if T(x) = X for all x E X. If we choose some distinguished
point
p EX, then we call the pair (X, p) a pointed S-flow; the point p is referred to as
the base point. The pair (X, p) is called a transitive pointed S-flow if {p} U r(p) is
all of X. (The transitive pointed S-flows are called “ambits” in [ll.) In the category
of pointed
S-flows, the homomorphisms
are those that also preserve the base
points.
Let (X, p) be a transitive
pointed S-flow and let (Y, q) be a pointed S-flow.
Then there exists at most one homomorphism
from (X, p) to (Y, q) (see [S,
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Proposition
1.11). If f: (X, p) + (Y, q> and g : (Y, q> + (X, p) are homomorphisms of transitive pointed S-flows, then f and g are inverse homeomorphisms
and hence S-flow
classes of transitive
homomorphism

isomorphisms.
Thus we can partial order the isomorphism
pointed
S-flows by defining (X, p) > (Y, q) if there exists a

from (X, p) to (Y, q).

2. Monoidal compactifications
Definition

2.1. A

right topological monoidal

compactification

of a topological

semigroup S is a pair (T, j) such that
(i) T is a compact Hausdorff right topological semigroup with identity,
(ii) j is a continuous
homomorphism
from S into T,
(iii) j(S) u (1) is dense in T,
(iv) (s, t) * j(s)t: S x T + T is continuous,
(v) j carries the identity of S to the identity of T, provided S has an identity.
We shall refer to such compactifications
more briefly as monoidal compactifications of S.

By standard
compactification
arguments
(see [2, Chapter
31) there exists a
universal right topological monoidal compactification (s^, L) of S, which is characterof S,
ized by the universal property that if j : S + T is a monoidal compactification
then there exists a unique continuous
identity-preserving
homomorphism
F from
s^ to T such that j = F 0 L. In the case that S is a discrete semigroup with identity,
then it is well known that s^ is just p(S), the Stone-Tech
compactification
of S
(which may be identified
with the space of ultrafilters
on S), equipped with the
unique multiplication
on p(S) which is right continuous
and extends the multiplication on S, and where L identifies
S with the subset of p(S) consisting
of all
principal ultrafilters.
If (T, j) is a monoidal compactification
of S, then we may view T as an S-flow,
where the action is defined by sending (s, t) to j(s)t. Indeed, if we regard (T, 1) as
a pointed phase space with respect to this action, then it is a transitive pointed
S-flow (since S . 1 = j(S) is dense in T\(l)).
The universal monoidal compactification viewed in this manner as a flow yields the universal transitive pointed S-flow
<s^,i), in the sense that any other transitive
pointed
S-flow is (uniquely)
the
homomorphic
image of this one (see e.g. [SD.
For a flow (S, X), the action of S on X extends uniquely to a semigroup action
of s^ on X which is right continuous
as a function from s^ XX into X. (To say the
action extends means that sx = j(s)x for each s E S, x E X, where the left-hand
side of the equality is the given action and the right-hand
side is the extended.)
This action of s^ on X is called the extended action. (This extended
action is
standard in topological dynamics for the case that s^ = pS; see [8] for this variant.)
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3. Left congruences
We have seen how the universal right topological monoidal compactification
of
S yields the universal transitive
pointed
S-flow (S, i>. We now consider how all
other such systems may be obtained
equivalence
relation on a topological

(up to isomorphism)
from it. Recall that an
space X is closed if it is closed as a subset of
relation
- on a semigroup S is a left congruence if

X X X, and that an equivalence
a - b implies sa - sb for all a, b, s E S.
Now let S be a topological
semigroup,

and let

N be a closed

left congruence

relation
on S. We obtain a pointed
transitive
S-flow as follows: Let X= {[xl:
x E S^>be the set of equivalence
classes endowed with the quotient topology, and
define z- : S XX +X
by r(s, [xl) = [sx] (the extended action of s^ on X is also
given by the same formula). Then (X, [i]) is a transitive pointed S-flow, and the
map x + [xl is a homomorphism
of S-flows.
Conversely,
given a transitive
pointed
S-flow (X, p), there exists a unique
- of ,!? such that (X, p) is isomorphic
to the S-flow
closed left congruence
, [iI>. The relation
N identifies
x and y if f(x) =f(y),
where f is the
<S/homomorphism
from the universal pointed flow CS, I> to (X, p); alternately
x - y
if and only if xp = yp in X. Hence the closed left congruences
on s^ give rise to
transitive pointed S-flows, and these S-flows section all the isomorphism
classes of
transitive pointed S-flows (see [SD.
The approach just outlined establishes an intrinsic semigroup machinery for the
study of special types of S-flows. Namely, given a pointed
S-flow (X, x), we
associate to it the closed left congruence
-(x,x) on s^ given by s =(x,x) t if and
associated to (X, x). If the flow
only if sx = tx. We call =(x,x) the left congruence
(X, x) is a transitive
pointed one, then as we have just seen the associated left
congruence
=(x,x) on s^ determines
the pointed flow (X, x> up to isomorphism;
indeed the assignment
[t] - tx: (s^/ e Cx,xj, [iI) + (X, x) from the -(x,x) -classes
to X is the desired isomorphism.
This assignment of the associated left congruence
y(x,x) on s^ to the pointed flow (X, x) is the first step in our algebraic approach
to the study of flows, and sets up a one-to-one
correspondence
between isomorphism classes of transitive pointed S-flows and closed left congruences
on S. (To
make this correspondence
one-to-one
is the motivation
of using s^ instead of the
more traditional
pS.>
The next proposition
follows in a straightforward
considerations
and we omit its proof.

manner

from the preceding

Proposition 3.1. Let (X, x) and (Y, y) be transitive pointed S-flows. There exists a
homomorphism from (X, x) onto (Y, y) if and only if =Cx,r) G E(~,~).
There is a certain basic class of closed left congruences
which are readily
identified
and will later play an important
role. For each idempotent
e = e* in S,
the relation
-e defined by x == y if xe = ye is a closed left congruence
on s^ and
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39

is the smallest one identifying
1 and e. The left congruences
of the form se are
called principd left congruences. Every equivalence
class of =e contains precisely
one element from je. It follows that the S-subflow <$e, e) of s^ is isomorphic to the
S-flow (s^/=, , [I]), w h ere the isomorphism
is given by assigning to any equivalence class its unique member in gee. Thus the S-flows for principal left congruences may be identified with the principal left ideals of s^ which are generated
by
idempotents.

4. Minimal

Again

see [81 for more details.

flows

We recall some basic facts about the structure of a compact right topological
semigroup
T (see [2]). Such a semigroup T has a smallest ideal, M(T), which is
completely simple. This means that M(T) exhibits an “eggbox” structure, that is, it
consists of a disjoint union of the minimal left ideals (which may be viewed as
columns) or alternately
it consists of a disjoint union of the minimal right ideals
(which may be viewed as rows>. Furthermore,
each minimal right ideal intersects
each minimal left ideal (a cell of the “eggbox”) in a maximal subgroup of M(T),
and every maximal subgroup of M(T) arises in this way.
We are particularly
interested
in the minimal left ideals. A left ideal L is a
minimal left ideal if and only if L = TX = Lx for each x EL. By right continuity,
minimal left ideals are compact. Each minimal left ideal L is a disjoint union of
groups which are maximal groups in T. Each of these maximal groups is of the
form H(e) = eTe = eL for some idempotent
e EL. Two members x, y of L are in
the same subgroup if and only if XT = yT, i.e., if and only if the two elements are
related under Green’s ~$3 relation. We picture a minimal left ideal as a column of
elements and the maximal groups as boxes in the column. Note that each box has a
unique idempotent
which is an identity for that box. (See Fig. 1.)
An S-flow X is called minimal if for any nonempty
compact subset Y of X,
SY c Y implies X = Y. (This is equivalent
to the earlier condition
that for any

!
l

ex

’ %

l

e,

Fig. 1. A minimal

left ideal.
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x EX,

the

orbit

closure

T(x)

and its Applications
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is all of X.1 A pointed

S-flow

(X, p) is called

minimal if X is minimal. Note that such a flow must be point transitive since, in
particular,
the orbit closure of p is X. The following results appear in [8] (see also
[l] or [2, Section 1.61 for parallels to the first result).
Theorem 4.1. Let X be an S-fzow, x EX,
following are equivalent:

and L a minimal left ideal of S. Then the

(1) The orbit closure T(x) of x is a minimal S-flow containing x.
(2) For the extended action of s^ on X, there exist t E M(S), the minimal ideal,
and y E X such that x = ty.
(3) x E Lx.
(4) There exists an idempotent e EL such that ex =x.
(5) T(x) = Lx.
Theorem 4.2. Let S be a semitopological semigroup with universal right topological
monoidal compactification S, and let L be a minimal left ideal of s^. Let (X, x) be a
pointed S-flow.
(i) The S-f7ow (X, x) is a minimal pointed fzow if and only if e =Cx,xj i for
some idempotent e EL, i.e., if and only if -e is contained in =Cx,xj for some
minimal idempotent e.
(ii) For each idempotent e E L, the minimal pointed S-flow (L = Se, e) is maximal among all the minimal pointed S-flows in the ordering of S-flows. As e is allowed
to run over the idempotents of L, one obtains in this way unique representatives for
the isomorphism classes of all the minimal pointed S-systems which are maximal as
minimal pointed S-systems. Every minimal (pointed 1 S-system is the image of one of
these minimal (pointed) systems.

5. Proximal relations
Definition 5.1. Let X be an S-flow. Two points x, y E X are
for any open cover Z! of X, there exists s E S and U E Z!
Two points that are not proximal are said to be distal. A
system is said to be distal if it is proximal only to itself. The
(respectively
distal) if every two distinct points are proximal
We recall the following

standard

result

said to be proximal if
such that sx, sy E U.
point of a dynamical
system X is proximal
(respectively
distal).

(see e.g., [S]).

Proposition 5.2. Let x, y be distinct points in the S-flow X. Then x and y are proximal
if and only if tx = ty for some t E s^with respect to the extended action.

Let

Let S be a semitopological
semigroup
and fix some minimal left ideal L in s^.
e be an idempotent
in L. Let X be an S-flow, and consider the extended

J. Lawson, A. Lisan /Topology
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action of s^ on X. Then there exists a natural projection
in general) rre : X+X
defined by +‘(x) = ex.

(which is not continuous

Lemma 5.3. Let x, y E X. The following are equivalent:
(1) #(xl
= 7T’(y).
(2) tx=tyforsome
tEL.
(3) tx = ty for all t E L.
Proof. Certainly
minimal

(3) implies

left ideal,

(11, which in turn

Lt = L. For s EL,

implies

if s = bt, then

(2). Since

t E L and L is a

sx = btx = bty = sy.

q

Definition 5.4. For a minimal left ideal L of s^, we define the L-proximal relation
PL on an S-flow X by xPLy if any of the three equivalent conditions of Lemma 5.3
are satisfied.
Proposition 5.5. Two points x, y in an S-flow X are proximal if and only if xPL y for
some minimal left ideal L. Thus the proximal relation P is equal to U PL, where the
union is taken over all minimal left ideals.
Proof. Suppose x, y are proximal. By Proposition
5.2 there exists t E s^ such that
tx = ty. Pick u E M(i). Then utx = uty, and ut is in some minimal left ideal J of s^.
By Lemma 5.3, xPJY. Conversely
if xP,y for some minimal left ideal, then from
0
Proposition
5.2, x and y are proximal. The proposition
now follows.

6. Decomposing

left congruences

In this section we focus on minimal left ideals L of s^, the universal semigroup
compactification
of S. We fix some minimal left ideal L of i, some idempotent
e
in L, and view L as a minimal S-flow. The relation
PL for this minimal flow is
called the strict proximal relation on L, and is denoted @ in this special case. It is
characterized
by any of the three conditions
of Lemma 5.3 (in particular,
for
x, y EL, x@y if and only if ex = ey).
Proposition 6.1. The relation PL is a right congruence on S. Its restriction to L, @, is
the smallest right congruence on L which identifies the idempotents in L.
Proof. We have xPL y if and only if ex = ey. This is clearly an equivalence
relation.
If ex = ey and t E s^, then ext = eyt, so QL is also a right congruence.
Thus its
restriction
to L is also a right congruence.
Since Lf = L for each f E L, we have that idempotents
in L are right identities
for L. Hence if f and g are idempotents
in L, ef = e = eg, and thus f @g. Suppose
p is a right congruence
on L which identifies
all the idempotents.
Let x, y EL

J. Lawson, A. Lisan / Topology and its Applications 58 (1994) 35-46
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such that ex = ey. Then x is in some maximal subgroup of L; suppose its identity is
f. Then ePf, and since p is a right congruence,
expfx =x. Similarly, eypy, and by
transitivity,
xpy. Thus @ cB.
0
Recall

that

Green’s

Z-relation

on a monoid

T is defined

by (s, t) E A? if

ST = tT and Ts = Tt. When restricted to a minimal left ideal L in a compact right
topological monoid, this relation can be characterized
by (s, t) E Z if and only if
s, r E H(e), the maximal subgroup containing
the idempotent
e for some e E L.
Thus the Z-equivalence

classes are the maximal

subgroups

of L.

Definition 6.2. If LYis a closed left congruence
on $ we define the Z-trace
(Ye of
CYon L to be A? n a n (L x L). Let H(e) = e& = eL denote the maximal subgroup
containing
e in the minimal left ideal L. We define the H(e)-truce
LY,to be the set
(H(e) x H(e)) n (Y. Note that LY, is a closed left congruence
on H(e), and hence
the equivalence
classes consist of left cosets of the subgroup H,(e) := {g E H(e):
gae}.

Finally,

we define

the Q-trace

(Y@ of CYto be @ n (Y.

Lemma 6.3. For x, y, e = e2 E L and LY a closed left congruence
are equivalent:
(1)

(X,

on s^, the following

Y) E cY_.y,.

(2) x, y E H(f)

for some idempotent f E L and (ex, ey) E a’,.
(3) x, y f H(f) f or some idempotent ff L and ex E eyH,(e).
Thus the subgroup H,(e) determines the left congruence LYE,.
Proof. (1) * (2): By the remarks preceding
Definition
6.2, x, y E H(f)
for some
idempotent
f E L. Since (Y is a left congruence,
(ex, ey) E CY.Since H(e) = eL, the
implication
follows.
(2) * (3): Suppose (ex, ey) E ay,. Then left multiplying
by the inverse of ey in
H(e), we obtain ((ey>-‘ex,
e) E CY,i.e., (ey-‘ex
E H,(e). Thus ex = ey(ey>-‘ex E
eyH,(e).
(3) =c, (1): Suppose that x, y E H( f) and ex E eyH,(e). Then ex = eyh, where
(h, e) ECY,. Left multiplying
by ey, we obtain (ex, ey> ECZ, and left multiplying
again by f, we obtain (fex, fey) = (x, y) E LY. Since x, y E H(f ), (x, y) E (Ye.
The equivalence
(3) shows how to recover cyZ from the subgroup H,(e), the left
congruence
class of e for (Ye.
0
We recall that for relations
(Y 0 p := {(x,

z):

(x,

LYand p on a set X,

y) Ea,

(y,

The next proposition
gives the desired
closed left congruence
on s^.
Proposition

2) EP

for some y EX}.

factorization

6.4. Let cx be a closed left congruence

~n(LxL)=~,~~~=a~~a,.

of the restriction

on s^. Then

to L of a

J. Lawson, A. Lisan / Topology and its Applications 58 (1994) 35-46
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suppose that x, y EL and xay.
Proof. Clearly (Ye 0 (Y@c (Y 0 (Yca. Conversely
Then there exists f=f”
EL such that fi =x. Then x =fx(~fy, and (x =fx, fy) E
(Ye. Also fyafx = xcry implies (fy, y) E LY@,since clearly (fi, y) E @. Thus (x, y)
E(YXOcr@.

The other

equality

follows similarly.

0

Proposition 6.5. Let e = e2 E L and let (Y and p be closed left congruences on S.
Then a n L X L c p if and only if H,(e) G HP(e) and (Y@c pa. The restriction of a
left congruence (Y to L is determined by the group H,(e)
Proof. The “only if” is immediate.

Conversely suppose
‘Y~c@~‘. The desired

follows from Lemma 6.3 that
Proposition
6.4.
It is clear from Lemma 6.3 and Proposition

and its Q-trace (Y@.
that H,(e) c HP(e). Then it
inclusion now follows from

6.4 that H,(e)

and ‘Y@determine

(Y.

0
We may think of cy&, and LY@as the warp and woof that are woven together to
form the left congruence
cr. The warp (Ye exhibits a uniform structure, since only
one of its classes H,(e) determines
all the others.

7. Distal and proximal

homomorphisms

Throughout
this section let L be a minimal left ideal of s^, and let e = e* E L be
a fixed idempotent
in L. Let =e denote the closed left congruence
on s^ (defined
in Section 3) determined
by e. If (X, x) is a transitive pointed flow, then it is a
minimal flow for which ex =x if and only if the associated left congruence
=(x,x)
contains
== (see Theorem 4.2).
Now let (X, x) be a minimal S-flow. By minimality
Lx =X, and the relation (Y
on L given by scat if sx = a is just the associated left congruence
=cx,x) restricted
to L. Thus (Y is the kernel relation of the S-flow homomorphism
from L onto X
which sends t to tx. Hence L/a is isomorphic to X. For the minimal pointed flow
(X, x1, we call the restriction
(Y of =(x,x) to L the associated left L-congruence
and have noted that it determines
(X, x) up to isomorphism.
We assume the
idempotent
e E L is chosen so that ex = x (by Theorem 4.1 this is always possible).
We then study the flow X in terms of (Y and its factors (Ye and LY@.In this context
note that H,(e) =277(X, x) if e is chosen as the fixed idempotent.
Since the left
congruence
(Y determines
X up to isomorphism,
the goal is to study X via (Y, and
use the factorization
given in the previous section to analyze (Y. Thus given a
pointed minimal flow (X, x), we study this flow by means of the relations (Y@and
aZ (or, equivalently
H,(e) =27(X, x) for the second; see Lemma 6.3).
Definition 7.1. The S-flow homomorphism
7 : X -+ Y is distal (respectively
proximal) if r(x) = r(y), x # y imply that x, y are distal (respectively
proximal).

44
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Lemma 7.2. Let X be a minimal jlow, and let x E X. If
gx # hx, then gx, hx are distal.
Proof. Suppose they are proximal. Then
Now fg = g and j7r = h by hypothesis,
Since

fsf E f$f = H( f >, there

multiplying

58 (1994) 35-46

f2 = f E L,

g, h E H( f ), and

sgx = shx for some s E s^ (Proposition
so fsfgx = fsfhx on left multiplying

exists an inverse

k of fsf

in the group

5.2).
by f.

H( f 1. Left

by k,

gx = fgx = kfsfgx = kfsjhx = jhx = hx .
This contradicts

the hypothesis.

0

The relations
(Y@ and (Ye are closely linked with notions
of distality
proximality,
as the next theorem indicates. The proximality part is essentially
same as [l, Theorem
Theorem

and
the

10.11.

7.3. Let r :(X,

x) + (Y, y) be a homomorphism

of pointed minimal

flows, where ex =x. Let (Y denote eCx,xj restricted to L and p denote the restriction
of =(yY) to L.
(i) ‘The homomorphism rr is distal if and only if LY@= pQ.
(ii) The homomorphism r is proximal if and only if .%X1 x) = RY, y) if and
only if (Ye = pz.
Proof. (i): Assume that r is distal, and suppose that (s, t> E &, = p n @. Then
sy = ty and es = et. It follows that I
= ST(X) = sy = ty = tz-(x) = r(tx> and
e(sx) = (es)x = (et)x = e(tx). By Proposition
5.2, sx, tx are proximal or identical,
and since rr is distal, sx = tx. We conclude
that (s, t> E a CT@ = a@,, and thus
pG c CQ,. The other inclusion is immediate
since LYG p.
Conversely suppose that q,, = pa, r(p) = x ( q ) and p # q. Since Lx =X, there
exists t EL with tx =p and by Theorem
4.1 there exists f = f 2 EL such that
fq = q. Then (t, ft) E @ (since left multiplying
the two by f yields the same result).
Also ty = r(tx> = r(p) = r(q) and fty = fr(q)
= rTT(fq) = r(q), so (t, ft> E P. BY
hypothesis (t, ft) E LY,and hence p = tx = ftx. Now p = ftx and q = fx are distal by
Lemma 7.2, since f, ft E fL = H( f ).
Part (ii) follows immediately
from [l, Theorem

10.11 and Lemma

6.3.

I3

For a trivial single point flow, the associated
left L-congruence
is of course
L XL. A flow is distal respectively
proximal if and only if the homomorphism
to
this trivial flow is distal respectively
proximal. The next corollary then follows
directly from Theorem
7.3 by considering
the homomorphism
to the trivial flow
(alternately
it can be deduced from Proposition
5.2 and Lemma 7.2).
Corollary 7.4. Let (X, x) be a pointed minimal flow with ex = x and associated left
L-congruence (Y. Then the jlow is proximal if and only if (Y~ = 2 n CL X L) if and
only if .9(X, x) = H(e). It is distal if and only if (Y@= @.
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Theorem 7.5. Let (X, xc> be a pointed minimal frow with ex =x and let (Y be the
associated left L-congruence for (X, x). There exists a universal proximal (respectively distal) extension (2, i) of (X, x) with ex?= i. Given any minimal S-flow
(Y, y) with ey = y and associated left L-congruence p, a necessary and sufficient
condition for it to be a factor of the universal proximal (respectively distal) extension
is that 27(X, x> CRY,

y> (respectively q, cP&.

Proof. We have seen at the beginning
the set of all closed left congruences
be the

intersection

of these

of this section

that

6 on s^ which contain

left congruences.

Since

se s

=(x,X). Consider

=e and (Ye, and let y

(Y is in the

collection

of

congruences,
we have -yz = ax. Also =e C_y, so (i/y,
[I]) is a minimal S-flow for
4.2). If we set (8, zZ) :=
which e fixes the base point [I] = [e] ( see Theorem
(i/y,
[i]), then the associated left congruence
is clearly just y.
The inclusion
y G(Y yields a homomorphism
(S/y, [il) -+ (S/a, [ll), and there
is an isomorphism
[t] -+ tx of the latter onto (X, x) (see Section 3). The composition gives a homomorphism
from (8, 2) to (X, x). Since -yz = (Ye, we conclude
that this homomorphism
is proximal by Theorem 7.3.
Now let (IV, w) be a minimal
flow with ew = w and IJ :(W, w) + (X, x) a
proximal homomorphism.
Let p be the associated left congruence
for the pointed
flow (IV, w). By Theorem
7.3, pz= (Ye. It follows that y r P, and as in the
preceding
paragraph
there is a homomorphism
from (2, Z) = (i/y,
111) onto
(IV, w). This shows the universality
of (2, i).
Finally suppose that (Y, y) is a minimal flow with ey = y, p the associated left
congruence
for this pointed flow, and .Z?(X, x) c.Z?(Y, y). Since RX,
x) = H,(e)
and .Z?(Y, y) = Ho(e), we conclude from Lemma 6.3 that (Y* c pz. Hence from
the definition
of y, we have y CD. By Proposition
3.1, this implies the existence of
a homomorphism
from (k, i) onto (Y, y). Conversely
the existence of such a
homomorphism
implies that y CP and hence (Ye = yz cpx.
The distal part of the theorem follows in a completely
analogous way with the
interchange
of the roles of @ and Z and the application
of part (i) of Theorem 7.3
instead of part (ii).
0
As a nice application
of the machinery that we have developed we give a quick
and direct proof of [l, Theorem
10.91 and an alternate version of it.
Theorem 7.6. Let (X, x), (Y, y>, and (Z, z) be minimal pointed S-flows with
ex = x, ey = y, and ez = z and associated left L-congruences (Y, p, y respectively. Let
r :(X, x) --f (Z, z) and I) :(Y, y) + (Z, z) be homomorphisms with q!r distal (respectively proximal). Then there is a homomorphism X: (X, x> --) (Y, y) such that
r = Q 0 x if and only if 577(X, x) CRY,
y> (respectively (Y@cP&.
Proof. First assume that $ is distal. Suppose that X exists. Then (Yz/3 (Proposition
3.1) so g7(X, x) =H,(e)
cHp(e) =.%Y, y). Conversely
suppose this inclusion
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holds. Then by Lemma 6.3, cyz G Pz. It follows from Theorem 7.3 that pQ = yQ
and from Proposition 3.1 that (Yc y and hence (Ye G yQ = /3@.By Proposition 6.4,
LYc p. Since these relations are the kernel relations of the homomorphisms s H sx:
(L, e) + (X, x) and s e sy: CL, e> + (Y, y), it follows that there is induced a
well-defined homomorphism x: (X, x) + (Y, y). Since homomorphisms are unique
between pointed minimal flows, we conclude that $ 0 x = r.
The case that I) is proximal is proved analogously interchanging the roles of 2
and @; in this case one needs the other part of Theorem 7.3. 0
In the following corollary the notation agrees with that of the previous theorem.
Corollary

7.7. Let (X, x) and (Y, y) be as in Theorem 7.6, with Y distal (respecThere exists a homomorphism x :(X, x) + (I’, Y) if and only if
g(X, X) c.!?(Y, y) (respectively LYEC&J. In particular, if both are distal (respectively proximal),
then they are isomorphic if and only if RX,
x) = lF(Y, Y) bzspectively proximal).

tively (Y@= p&l.
Proof. Apply Theorem

7.6 with (2, z> being the single point flow.

0
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